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A note on perfect quantum state transfers on trees
Bahman Ahmadi∗, Ahmad Mokhtar
Department of Mathematics, Shiraz University, Shiraz, Iran
Abstract
It has been asked in [3] whether there are trees other than P2 and P3 which can
admit perfect state transfers. In this note we show that the answer is negative.
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1. Introduction
For any simple graph X with the adjacency matrix A and with |V (X)| = n,
we define the function HX(t) as
HX(t) = exp (iAt), for any t.
If X is clear from the context, we may just write H(t). We say there is a
perfect state transfer or a PST between distinct vertices u and v of X at time
τ , if |H(τ)u,v | = 1. For the motivation of this definition in designing quantum
communication networks and a survey of important results, the reader may refer
to [1, 2, 3].
Godsil provides a proof in [3] that there is a PST between the endpoints of
the paths P2 and P3. Also, the following has been proved in [1].
Proposition 1.1. The path Pn has no PST for any n ≥ 4.
Therefore, Godsil asks in [3] whether there are any trees besides P2 and P3
on which a PST can occur. We prove that the answer is no. The main tool to
do this is the following result also from [3]. Given any vertex u from a graph X ,
we denote by ∆u the distance partition of the vertices of X with respect to u.
Proposition 1.2. Let u and v be vertices in X. If there is perfect state transfer
from u to v, then ∆u = ∆v.
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2. There is no PST on trees
In this section we prove the main result of the note.
Theorem 2.1. If T 6= P2, P3 is a tree, then there is no PST on T .
Proof. Suppose that there is a PST on T between two distinct vertices u and v.
Assume P : u = w0−w1−w2− · · ·−wr−wr+1 = v is the unique path between
u and v. First we show that both u and v must be leaves. If u is adjacent to a
vertex z 6= w1, then w1 and z belong to the same cell of the distance partition
∆u, while they are in distinct cells of the partition ∆v. Therefore ∆u 6= ∆v
which, according to Proposition 1.2, is a contradiction. Hence u is a leaf and
with the same argument, v is a leaf as well. Then we show that indeed T = P .
To do this, suppose (for contrary) that there is an i ∈ {1, . . . , r} such that
wi has a neighbour z other than wi−1 and wi+1. Then wi−1 and z belong to
the same cell of ∆v while they belong to distinct cells of ∆u. This, similarly,
is a contradiction. Thus the claim is proved; that is, T is a path and since
T 6= P2, P3, according to Proposition 1.1, T cannot have a PST.
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